Using elemental methods of Topology, theory of degree and theory of metric continua, we prove a new version of the theorem of Leray-Schauder. It provides the existence of arc-connected set of solutions. This result may have a lot of applications in a large variety of problems. Although the assumption of the theorem is not easy to verify in practice, this theorem could be an important tool to prove not only the existence of set of solutions but also the existence of a set of solution which is homeomorphic to the interval [0, 1] ⊂ R. © 2007 Elsevier B.V. All rights reserved.
Sometimes we will identify Σ with Σ [a,b] .
We use the notation Σ λ for the λ-slice, i.e.
Σ λ = (λ, u) ∈ {λ} × Ω: (λ, u) ∈ Σ ,
We denote by n(λ) = card{u ∈ Ω: (λ, u) is a solution of (1) λ }. Now, we consider a well-known result traditionally attributed to Leray-Schauder about the existence of solutions and about the existence of a connected set of solutions. Leray and Schauder, 1934 [4] .
Theorem 1.1. (See

) Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ : [a, b] × Ω → X is given by Φ(λ, u) = u − T (λ, u) with T a compact map.
Suppose also that In the following we will see two results about the existence of connected set of solutions. We will obtain two interesting corollaries combining these results jointly with Theorem 2.6. 
The results
(1) A ⊂ M A , B ⊂ M B . (2) M = M A ∪ M B and M A ∩ M B = ∅.Proposition 2.3. Let U 1 , U 2 , . . . , U r , V 1 , V 2 , . . . , V s ⊂ X be bounded, open sets, U i 1 ∩ U i 2 = ∅ if i 1 = i 2 , V j 1 ∩ V j 2 = ∅ if j 1 = j 2 ,∩ ({a} × U i ) is connected ∀i = 1, 2, . . . , r and Σ [a,b] ∩ ({b} × V j ) is connected ∀j = 1, 2, . . . , s. If i∈R deg(U i , Φ a , 0) = 0 ∀R ⊂ {1, 2, . . . , r} (R = ∅), and j ∈S deg(V j , Φ b , 0) = 0 ∀S ⊂ {1, 2, . . . , s} (S = ∅) then (i) ∀i ∈ {1, 2, . . . , r} ∃j ∈ {1, 2, . . . , s} and a compact connected set C i,j ⊂ Σ [a,b] such that C i,j ∩ ({a} × U i ) = ∅ and C i,j ∩ ({b} × V j ) = ∅. (ii) ∀j ∈ {1, 2, . . . , s} ∃i ∈ {1, 2, . .
. , r} and a compact connected set
Proof. Consider U i where i ∈ {1, 2, . . . , r}. We use the following notation
. We argue by contradiction and assume that the theorem is false. Suppose there does not exist a compact connected set 
On the other hand, we have that
But this is a contradiction since i∈R deg(U i , Φ a , 0) = 0 by hypothesis.
Similarly it is proved the case (ii). 2 Remark 2.4. Note that the second degree assumption is not needed to prove (i). Proof. The proof of this proposition is very similar to the previous one. 2
Now we are going to see the main result of this paper. The result is about the existence of arc-connected set of solutions joining u a with u b with the conditions of the theorem of Leray and Schauder, namely; degree is not zero and there is not solution in the boundary. The theorem of Leray and Schauder predicts the existence of connected compact set of solutions. Introducing another condition it is also possible to prove the existence of a arc-connected set of solutions.
Theorem 2.6. Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ
Suppose also that
Proof. Theorem 1.1(ii) shows that there exists a component intersecting both λ = a and λ = b. By Theorem 2.4.1 in [6] , it suffices to prove that any component C of Σ = Σ [a,b] is locally connected. We use the notation of [6] . If C is not locally connected, then by Theorem 1.10.3 in [6] , there exists a nontrivial continuum W contained in C and continua W n contained in C such that all the W n and W are disjoint and W n tends to W as n tends to infinity in the sense of [6] . Let P be the natural projection onto the λ factor. Thus P W is a connected compact subset of R and hence an interval [d, c] . It cannot be a single point d since otherwise there would be infinitely many solutions for λ = d (W is a nontrivial continuum). Choose f with d < f < c. Since W n tends to W as n tends to infinity, for all large n, there exists (x n , r n ) in W n with r n close to d. Thus, for all large n, r n < f . Similarly, for all large n, there exists (y n , s n ) in W n with s n > f . But, as above, P W n is an interval. Hence f is a member of P W n , i.e. there exists (z n , f ) in W n for all large n. Since the W n are disjoint, x = A(x, f ) has infinitely many solutions. This gives a contradiction and so C is locally connected. 2
The conclusion is also true if we work with analytic maps from X × R to X, where the assumption is often easier to verify. This is shown by proving Σ is locally connected. This follows from a slight variant of a result in [1] . Now we are going to see two corollaries that combines the previous results. We use the notation Σ λ for the λ-slice projection Proj X (Σ λ ).
Corollary 2.7. Assume that X is a real Banach space, Ω is a bounded, open subset of X and Φ
Suppose also that 
